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In disordered Hermitian systems, localization of energy eigenstates prohibits wave propagation. In non-
Hermitian systems, however, wave propagation is possible even when the eigenstates of a Hamiltonian are
exponentially localized by disorders. We find in this regime that non-Hermitian wave propagation exhibits
novel universal scaling behaviors without Hermitian counterpart. Furthermore, our theory demonstrates
how the tail of imaginary-part density of states dictates wave propagation in the long-time limit.
Specifically, for the three typical classes, namely the Gaussian, the uniform, and the linear imaginary-part
density of states, we obtain logarithmically suppressed sub-ballistic transport, and two types of
subdiffusion with exponents that depend only on spatial dimensions, respectively. Our work highlights
the fundamental differences between Hermitian and non-Hermitian Anderson localization, and uncovers
unique universality in non-Hermitian wave propagation.
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The Anderson localization is one of the most prominent
phenomena in random systems [1]. In recent years, the
rapid development of non-Hermitian physics has sparked
growing interest in the interplay between non-Hermiticity
and Anderson localization. This has led to the discovery
of many intriguing phenomena unique to non-Hermitian
systems, including non-Hermitian Anderson transition
[2–16], topological Anderson insulator [17–20], many-
body localization [21–25], Lifshitz tail states [26–28],
universality of non-Hermitian random matrices [29,30],
erratic non-Hermitian skin localization [31], and anoma-
lous dynamics [32–40].
The Anderson localization has twofold meanings. The

spectral meaning is the localization of eigenstates, while the
dynamic meaning is the absence of diffusion. It is generally
perceived that the spectral localization always implies
dynamical localization. For example, when the electron
eigenstates at the Fermi level are Anderson localized,
electron transport is prohibited in a crystal, resulting
insulating behavior at low temperature. In sharp contrast
to this scenario, recent experiments in open or non-
Hermitian systems have found that, despite complete
localization of eigenstates, wave propagation remains
possible [33,34] (see also related works Refs. [35–40]).
In these systems, random gain and loss localize all the

eigenstates, yet waves can propagate in a jumpy manner,
dynamically evading the localization.
Experimental and numerical findings suggest that this

unconventional non-Hermitian transport dramatically dif-
fers from typical ballistic or diffusive motions in terms of
the relationship between spreading distance and timescale
[33]. It is also recognized that the complexity of eigen
energies is essential, indicating the intrinsically non-
Hermitian nature of the phenomenon. However, it remains
elusive whether the observed unusual dynamics obeys
universal laws. Here, we present a quantitative theory that
yields universal transport dynamics, which not only
explains the previous experimental findings but also
predicts new scaling behaviors. The universality in this
context manifests in the following aspects: (i) the space-
time scaling of wave spreading is governed by the
imaginary-part density of states, particularly its tail behav-
ior; (ii) the scaling behavior depends solely on the
dimensionality and the nature of the disorder, independent
of other system-specific details; (iii) for weak disorders, the
scaling approaches a universal form. Our theory highlights
the fundamental differences between Hermitian and non-
Hermitian Anderson localization, and provides an efficient
scheme for calculating the universal behaviors from the
basic data of the system. Our approach bears some
similarity to Mott’s variable-range hopping, though the
mechanism is quite different [41]. Roughly speaking, the
time plays the role of inverse temperature in Mott’s picture.*Contact author: wangzhongemail@tsinghua.edu.cn
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Dynamical scaling from an optimization—To be con-
crete, we consider a particle moving in a purely imaginary
disorder potential,

H ¼
X
hx;x0i

t0ðjxihx0j þ H:c:Þ þ i
X
x

Vxjxihxj; ð1Þ

where hx;x0i stands for the nearest sites on a square-lattice
model, t0 is real, and Vx is a real site-dependent random
variable. This model naturally arises in various contexts; for
example, it describes classical wave propagation in a lattice
with random gain and loss [33] and the dynamics of
quantum particles in stochastic dissipative environments
(see below). Note that our main results remain applicable if
the random potential takes generic complex values, though
we shall focus on the simplest cases with purely imaginary
values. Numerical simulation of wave spreading exhibits a
jumpy behavior [Fig. 1(b)], which is prominently different
from the real-valued-disorder case with wave confined in a
localization length [Fig. 1(a)].
Similar to the standard Anderson model, the eigenstates

of this Hamiltonian exhibit exponential localization
[33,42]. However, the eigenvalues now take random com-
plex values. We label the eigenvalues Exð∈CÞ and
eigenstates jψxi by the localization center x. Suppose
that a particle or wave packet is initially located at
x ¼ 0. Its time evolution can be conveniently analyzed
in the eigenbasis, i.e., jϕðtÞi ¼ P

x axðtÞjψxi, where the
coefficient has modulus jaxðtÞj ∼ e−jxj=ξþλxt, ξ being the
eigenstate localization length and λx ¼ ImðExÞ. The wave
intensity (or particle density) at a position x at time t is
Pðx; tÞ ∼ e2Wðx;tÞ, where Wðx; tÞ ¼ −jxj=ξþ λxt is a
weight factor. At each moment, the wave-center spreading
distance jxcj ¼

P
x jxjPðx; tÞ=

P
x Pðx; tÞ is dominated by

the localization center of the eigenstate with maximum
weight factor, and contributions from other eigenstates are
exponentially suppressed. The weight factor measures the
competition between the exponential tail suppression
(−jxj=ξ) and the temporal amplification (λxt). As time

grows, the most probable localization center moves to
further positions, spreading the wave packet over space.
Therefore, the average displacement is obtained by opti-
mizing the weight factor at each moment [41,43–49].
To implement this optimization, we estimate the largest

growing factor λmax
jxj within a volume ∼jxjd. Since λx

follows the same distribution across each site, Wðx; tÞ is
predominantly optimized by λmax

jxj within this volume. This
is particularly relevant given the broad distribution of λx
under strong randomness, leading to an exponential sup-
pression of other contributions. The probability of selecting
a value greater than λmax

jxj is Pjxj ¼
R∞
λmax
jxj

dλρðλÞ, where ρðλÞ
is the imaginary-part density of states (ImDOS).
Specifically, ρðλÞ is defined as ρðλÞ ¼ R

∞
−∞ dϵρðϵ; λÞ, where

ρðϵ; λÞ represents the density of states for the complex
energy ϵþ iλ in the complex plane. In the considered
region, there has to be at least one site taking the value λmax

jxj ,
implying Pjxjjxjd ∼ 1. This yields [50]

Pjxj ∼ jxj−d; ð2Þ

meaning that Pjxj should diminish as jxj grows. This
indicates that the long-time scaling behavior is dictated
by the tail of ImDOS. If ImDOS ρðλÞ is specified, the
relation between λmax

jxj and jxj can be further identified with
the help of Eq. (2). For instance, if the ImDOS follows the
Gaussian distribution ρðλÞ ∝ e−λ

2=ð2σ2Þ with σ being the
standard deviation, by using the expansion of the error
function we can obtain λmax

jxj ∼ ðd ln jxjÞ1=2 [53].
Substituting this relation into the weight factor and letting

dW
djxj ¼ −

1

ξ
þ
dλmax

jxj
djxj t ¼ 0; ð3Þ

we arrive at the space-time scaling of spreading distance
[53]

jxcj ∼
t

ðln tÞ1=2 ; ð4Þ

which implies a sub-ballistic motion. For other distribu-
tions, the resulting scaling behaviors are summarized in
Table I. Note that the scaling is determined by an integral of
ImDOS with λmax

jxj being the lower bound. As λmax
jxj increases

FIG. 1. The space-time evolution of a wave packet initially
localized at the center of a chain is plotted under (a) real and
(b) imaginary disorder, as described by Eq. (1) (For the real
disorder scenario, the imaginary unit in front of the potential is
omitted). Here, the disorder follows a uniform distribution
Vx ∈ ½−W;W�, and t0 ¼ 2W ¼ 1 is used in the plots.

TABLE I. Dynamical scaling for different ImDOS. For the
linear ImDOS, a, b are real parameters. The domain of λ is given
to ensure the normalization, not specified here.

ImDOS ρðλÞ Dyanmical scaling

Gaussian e−λ
2=ð2σ2Þ jxcj ∼ t=ðln tÞ1=2

Uniform Constant jxcj ∼ t1=ðdþ1Þ
Linear a − bλ jxcj ∼ t2=ðdþ2Þ
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with spatial distance and time, the effect of ImDOS will
gradually fade away, leaving its small tail to become
dominant in the late-stage dynamics. In this process, a
crossover from one scaling to another may arise if the
ImDOS does not take a universal functional form [e.g., the
example in Fig. 2(a) discussed later].
To further clarify our approach, we compare it with

Mott’s variable-range hopping (VRH) [41]. In a strongly
disordered system, electrons can hop between localized
states a distance R apart with the aid of phonons. At low
temperatures, the hopping probability is estimated as
P ∼ e−2R=ξ−Δ=ðkBTÞ, where ξ is the localization length and
Δ is the energy difference between two states. The
conductivity, governed by the most probable hopping
process, results from an optimization between the spatial
term 2R=ξ, which favors short hops, and the energy term
Δ=ðkBTÞ, which benefits from larger hops to minimize
energy differences. This optimization is achieved by
approximating Δ as a function of R and solving
ð∂=∂RÞ½2R=ξþ ΔðRÞ=ðkBTÞ� ¼ 0 [54]. Notably, despite
the entirely different physical pictures, the optimization
process in our approach exhibits similarities to VRH, where
1=ðkBTÞ in VRH plays a role analogous to t in our
dynamical scaling analysis.
1D examples with strong disorder—To validate our

dynamic scaling predictions, we conducted numerical
simulations for 1D cases. The spreading distance jxcj ¼P

x jxjjhxjϕðtÞij2=hϕðtÞjϕðtÞi is numerically calculated
and then averaged over various disorder configurations.
In our initial exploration, we examined a uniform disorder
potential with Vx ∈ ½−W;W�. For sufficiently strong dis-
order, W ≫ t0, dominating the imaginary part of spectrum,
the ImDOS is approximately a uniform distribution
[ρðλÞ ¼ const.] except for the linearly decreasing tail
[ρðλÞ ∼ a − bλ] near the edge, as depicted in the inset of
Fig. 2(a). As a result, a jxcj ∼ t1=ðdþ1Þjd¼1 ¼ t1=2 scaling
appears in the early stage because Pjxj in Eq. (2) is mainly
dictated by a uniform ImDOS. However, the late-stage

scaling switches to jxcj ∼ t2=ðdþ2Þjd¼1 ¼ t2=3 as a conse-
quence of the linear tail of ImDOS. This prediction aligns
well with numerical simulations in Fig. 2(a), where size-
effect-free scaling is evident from the overlap between the
curves for different system sizes. The deviation from the
thermodynamic-limit trajectory is observed to be delayed
for larger systems compared to smaller ones. Here, the
linear ImDOS tail can be understood by the rare events
of neighboring sites occupied by potentials with similar
values [53]. Moreover, our theory and simulations are fully
consistent with the optical experiment [33]. Another
significant case involves Gaussian-type ImDOS, generated
by strong Gaussian imaginary disorder with σ ≫ t0. As
shown in Fig. 2(b), the numerical data for the larger-size
system overlay on top of the smaller one until size effect
entering the dynamics. The theoretical prediction in Eq. (4)
matches perfectly with the overlapped part at a large time,
owing to that Eq. (4) is justified for large λ.
Numerical results for 2D—In Table I, the uniform or

linear ImDOS result in a dimension-dependent scaling,
providing a key feature for verifying our predictions.
Similar to the 1D case, a strong uniform disorder in higher
dimension is expected to give a ImDOS with a linear tail
attached to a uniform bulk part. In Fig. 3(a), we performed
simulations for the 2D case, where jxcj ∼ t1=ðdþ1Þjd¼2 ¼
t1=3 is indeed observed in the early dynamical stage.
However, constraints on simulation size prevent the obser-
vation of late-stage dynamics influenced by the linear
ImDOS tail. To address dimension sensitivity stemming
from a linear ImDOS, simulations are conducted under the
influence of strong imaginary disorder adhering to a (right
angled) triangular distribution; i.e., the probability density
follows fðVxÞ ¼ 2ð1 − Vx=cÞ=c with Vx ∈ ½0; c� and
t0 ≪ c. Notably, the predominant linear ImDOS profile
facilitates rapid manifestation prior to the onset of size
effects, thus leveraging the limited size in 2D simulations
effectively. In Fig. 3(b), the expected scaling jxcj ∼
t2=ðdþ2Þjd¼2 ¼ t1=2 is evident during the early stage, while
long-term dynamics are influenced by both size effects and
the ImDOS tail, which is not of interest here.

FIG. 2. Dynamical scaling in 1D lattice models with imaginary
disorder. (a) For the uniform disorder, where t0 ¼ 1 and W ¼ 5,
simulations are conducted with 500 realizations of disorder.
(b) Gaussian disorder with t0 ¼ 0.05 and σ ¼ 0.2 is considered,
with 1500 realizations of disorder. The data for ImðEÞ in both
insets are collected from a system with L ¼ 500 and 200 trials of
disorder.

FIG. 3. Dynamical scaling for 2D square-lattice models with
system size given by the plot legends, where 500 realizations of
disorder are performed. (a) A uniform disorder Vx ∈ ½−W;W� is
considered. (b) The disorder follows a right triangle distribution,
where c is the length of the base line, see the text.
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Universal scaling under weak disorder—In the preced-
ing examples, we focused on the strong-disorder regime,
where the imaginary part of the density of states (ImDOS)
is predominantly shaped by the statistical properties of the
disorder. As the disorder strength decreases, however, a
universal Gaussian-type form of the ImDOS gradually
emerges. In the weak-disorder limit, the localization length
ξ spans many unit cells (ξ ≫ 1), and within this length
scale, particle spreading exhibits ballistic scaling, charac-
terized by jxj ∼ t. Nonetheless, the earlier analysis remains
applicable after coarse-graining and rescaling the length
scale by ξ: the wave packet remains strongly localized in
the rescaled system. Despite the coarse-grained unit cell is
occupied by many eigenstates, the longtime (t ≫ 1) prob-
ability of the wave packet locating at the new cell position-
ing at X is mostly governed by the maximum growing
factor λX therein, represented as PðX; tÞ ∼ e−2jXj=ξþ2λXt,
where λX follows the same distribution as the original λx.
Moreover, for sufficiently weak disorder, i.e., ξ ≫ 1, the
central limit theorem implies that λx, which is approxi-
mated as an average of Vx within the volume of size ξd,
follows a Gaussian distribution [53]. Consequently, the
scaling behavior converges to the universal form given in
Eq. (4) in the weak-disorder, thermodynamic limit.
Nevertheless, its numerical validation necessitates excep-
tionally large system sizes, which will be left for future
study.
The emerging Gaussian distribution is contingent upon

condition ξ ≫ 1, which gradually breaks down as disorder
strength increases until the system approaches the regime
of strong disorder, i.e., ξ≲ 1. In the case of intermediate
disorder characterized by W; σ ∼ t0, the ImDOS cannot be
sharply identified. Consequently, the associated scaling
behavior undergoes an unknown crossover bridging the
two extreme cases [53].
Renormalization group analysis—As explained above,

the scaling behavior exhibits certain sensitivity to disorder
strength. In the regime of weak disorders, our approach
necessitates a rescaled interpretation. In this respect, it is
helpful to view our problem from the renormalization
group perspective. This not only validates our rescaled
treatment for weak disorder cases but also suggests new
scaling behaviors for the delocalized phase that is inac-
cessible to the previous approach. In long-wavelength limit,
the Hamiltonian Eq. (1) is represented as a Schrödinger
equation i∂tψðx; tÞ ¼ ½−D∇2 þ iVðxÞ�ψðx; tÞ, where the
potential obeys hVðxÞVðx0Þi ¼ vδdðx − x0Þ with v > 0
representing the disorder strength. Performing the trans-
formation ψðx; tÞ ¼ expðΦðx; tÞÞ, the Schrödinger equa-
tion is converted to a nonlinear equation,

∂tΦ ¼ iD∇2Φþ iηð∇ΦÞ2 þ VðxÞ; ð5Þ

where D ¼ η ¼ t0. This form allows us to implement a
dynamical renormalization group analysis [55,56].

Following the standard procedure [57], we obtain a flow
equation [53]

dg
dl

¼ g

�
4 − dþ 2ð12 − 5dÞ

d
Kdg

�
; ð6Þ

where g ¼ vη2=D4, Kd ¼ Sd=ð2πÞd with Sd being the solid
angle in d dimension, and the rescaling x → elx is
performed. The flow equation yields two fixed points,
g�1 ¼ 0, g�2 ¼ dðd − 4Þ=½2ð12 − 5dÞKd�. Notably, g�1 is
unstable for d < 4, while g�2 is physically untenable for
d < 12=5 due to its negative value, conflicting with the
definition. Thus, in 1D and 2D, the system does not transit
to new phases upon rescaling, validating our analysis for
weak disorders. However, for d ¼ 3, g�2 ¼ 1=ð2KdÞ is a
genuine fixed point, signifying a delocalization transition.
In the delocalized phase with weak disorder, the system’s
longtime behavior is governed by this fixed point, meaning
the space-time relation remains invariant under rescaling.
Consequently, the system exhibits dynamical scaling
jxj ∼ t3=5 [53]. This result is independent of the disorder
statistics and beyond the approach outlined in Eqs. (2)
and (3) which focuses on the eigenstate-localized regime.
Liouvillian dynamics—Although the preceding analysis

focuses on systems with non-Hermitian Hamiltonians, it is
noteworthy that analogous dynamics can arise within the
framework of the Liouvillian superoperator. We consider an
open system described by the following Lindblad master
equation of density matrix ρ̂:

dρ̂
dt

¼ −i½Ĥ0; ρ̂� þ
X
x

γxD½âx�ρ̂; ð7Þ

where Ĥ0 ¼
P

x;x0 hx;x0 â
†
xâx0 is a Hermitian Hamiltonian,

with â†xðâxÞ being the creation (annihilation) operator at
lattice site x, and D½âx�ρ̂ ¼ âxρ̂â

†
x − 1

2
ðâ†xâxρ̂þ ρ̂â†xâxÞ.

On the right-hand side of Eq. (7), the first term describes a
unitary evolution given by Ĥ0, and the second term
accounts local losses with site-dependent random rate γx.
Using Eq. (7), we can show that two-point correlation
functionGx1;x2

¼ Tr½ρ̂â†x1 âx2
� satisfies the following matrix

equation [53]:

dG
dt

¼ iðHG −GH†Þ; ð8Þ

where G ¼ P
x;x0 Gx;x0 jxihx0j, and H ¼ hT þ iV describes

a Hermitian system hT subject to a random imaginary
disorder iV with Vx;x0 ¼ γxδx;x0 . The equation is solved by
GðtÞ ¼ eiHtGð0Þe−iH†t. Considering N bosonic particles
(e.g., photons in a cavity) initially locate at x ¼ 0, i.e.,
Gx;x0 ð0Þ ¼ Nδx;x0δx;0, the correlation matrix at time t
evolves to GðtÞ ¼ NjϕðtÞihϕðtÞj, where jϕðtÞi ¼ eiHtj0i
acts as a “quantum state” dictated by the “Hamiltonian” H.
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Theprobability distribution of surviving particles is givenby
Pðx; tÞ ¼ Gx;xðtÞ=

P
x Gx;xðtÞ ¼ jhxjϕðtÞij2=hϕðtÞjϕðtÞi.

This coincides exactly with the particle evolution before,
indicating the same dynamical scaling behavior in such an
open system. Furthermore, similar dynamic behaviors can
emerge from purely dissipative systems (Ĥ0 ¼ 0) by con-
sidering suitable dissipators involving adjacent sites [34,53].
Conclusion—In systems featuring complex disorders,

the nonunitary time evolution facilitates a particle’s jumpy
motion even amid eigenstate localization, in sharp contrast
to the conventional Anderson localization. Employing an
intuitive optimization approach, we unveiled the universal
dynamical scaling in this unconventional non-Hermitian
transport, distinctly different from typical diffusive or
ballistic transport. More interestingly, we find a close
connection between the scaling behavior and the imagi-
nary-part density of states (ImDOS), especially the long-
time behavior is dictated by the tail of ImDOS. Our
findings underscore the fundamental distinction between
non-Hermitian and Hermitian localization, particularly in
terms of dynamics. Numerous open questions persist,
including the theoretical prediction and experimental
observation of dynamic behaviors arising from different
types of disorders, particularly in the regime with compa-
rable kinetic and potential terms. It is also interesting to
explore the combined dynamical consequence of Anderson
localization and non-Hermitian skin effect [3,10,58–69].
Additionally, the interplay between interactions and non-
Hermitian disorders poses an intriguing avenue for explo-
ration. On the experimental front, photonic systems provide
a promising platform, as demonstrated by relevant experi-
ments [33]. Furthermore, open systems featuring local
random losses, such as dissipative cavity arrays, offer
additional opportunities to validate our theory.
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